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Abstract
We prove that the automorphism group of every infinitely-ended finitely gen-
erated group is acylindrically hyperbolic. In particular Aut(Fn) is acylindrically
hyperbolic for every n ≥ 2. More generally, if G is a group which is not virtually
cyclic, and hyperbolic relative to a finite collection P of finitely generated proper
subgroups, then Aut(G,P) is acylindrically hyperbolic.
As a consequence, a free-by-cyclic group Fn oϕ Z is acylindrically hyperbolic if
and only if ϕ has infinite order in Out(Fn).
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1 Introduction
Following the seminal work of Gromov on hyperbolic groups [Gro87], it is a natural
problem in geometric group theory to look for aspects of negative curvature among
groups. In this vein, Osin defined a group G to be acylindrically hyperbolic if it admits a
nonelementary acylindrical action on a hyperbolic space [Osi16]. As follows from work
of Dahmani, Guirardel and Osin [DGO17], acylindrical hyperbolicity turns out to have
important algebraic consequences for the group: most strikingly, every acylindrically
hyperbolic group G has uncountably many normal subgroups, and is SQ-universal, i.e.
every countable group embeds in a quotient of G.
One of the most natural questions about a given group G is to understand its auto-
morphism group Aut(G). In [Gen18, Gen19], the first named author investigated the
following question: under which conditions can negative curvature for G be promoted to
negative curvature for Aut(G)? In a sense, one wants to understand how Inn(G) sits in-
sideAut(G) to deduce negative curvature properties ofAut(G). In [Gen19], it was proved
that the automorphism group of every one-ended hyperbolic group is acylindrically hy-
perbolic. Also, in [Gen18], the first named author established the acylindrical hyper-
bolicity of automorphism groups of many one-ended right-angled Artin groups; similar
results about the larger family of graph products of groups can be found in [GM19]. In
the present paper, we investigate the geometry of Aut(G) when G is infinitely-ended.
Our main result is the following.
Theorem 1.1. Let G be a finitely generated infinitely-ended group. Then Aut(G) is
acylindrically hyperbolic.
In particular, we get the following consequence.
Corollary 1.2. For every n ≥ 2, the group Aut(Fn) is acylindrically hyperbolic.
We would like to make a few comments on these statements. First, in Theorem 1.1,
the assumption that G be finitely generated is important. One can in fact construct an
infinitely generated group G that splits as a free product, for which Aut(G) fails to be
acylindrically hyperbolic. Such an example is provided in Remark 5.8.
Second, acylindrical hyperbolicity of Out(Fn) follows from work of Bestvina and Feighn
[BF10]. But the acylindrical hyperbolicity of Aut(Fn) and of Out(Fn) do not seem to
follow from one another. Our approach is in fact different: the generalised loxodromic
elements in our case are inner automorphisms associated to sufficiently filling elements
of Fn – elements that are not elliptic in any small Fn-action on a real tree; in the case
of Out(Fn), Bestvina and Feighn proved that fully irreducible outer automorphisms are
generalised loxodromic elements.
In fact, the obvious analogue of Theorem 1.1 for Out(G) is not true as such: for example,
if G splits as G = A ∗B, where A and B are freely indecomposable infinite groups with
trivial outer automorphism group and trivial center, then Out(G) is virtually isomorphic
to A×B (as follows from work of Levitt [Lev05]), which is not acylindrically hyperbolic.
Whether or not Out(G) is acylindrically hyperbolic when G splits nonelementarily as a
free product (i.e. with at least three factors, or with a nonabelian free factor) is an open
question to our knowledge.
Combined with [Gen19], it follows from Theorem 1.1 that the automorphism group of
any nonelementary hyperbolic group is acylindrically hyperbolic. Actually, the argu-
ments from [Gen19] can be extended to one-ended relatively hyperbolic groups (alterna-
tively, see Proposition 4.6 below). In the case of a group G which is hyperbolic relative
to a finite collection P of finitely generated subgroups, a natural subgroup of Aut(G) to
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consider is the group Aut(G,P) made of all automorphisms sending every subgroup in
P to a conjugate of a subgroup in P. We establish the following theorem, which refines
Theorem 1.1.
Theorem 1.3. Let G be a group which is hyperbolic relative to a finite collection P of
finitely generated subgroups. Assume that the pair (G,P) is nonelementary (i.e. G is not
virtually cyclic, and all subgroups in P are proper). Then Aut(G,P) is acylindrically
hyperbolic.
If in addition no subgroup in P is relatively hyperbolic, then Aut(G) is acylindrically
hyperbolic.
The additional part of the statement follows from the fact that when no subgroup in
P is relatively hyperbolic, then Aut(G) = Aut(G,P ′), where P ′ is obtained from P by
removing all finite groups.
Theorem 1.3 covers a large class of interesting groups. Besides hyperbolic groups, exam-
ples of relatively hyperbolic groups include fundamental groups of complete Riemannian
manifolds of finite volume with pinched negative sectional curvature [Far98], some map-
ping tori of surface groups [Bow07, Proposition 6.2], [MR08, Theorem 4.9], [Gau16], fun-
damental groups of closed 3-manifolds which are not graph manifolds [BW13, Corollary
E], toral relatively hyperbolic groups such as limit groups [Ali05, Dah03], free-by-cyclic
groups Fn oϕ Z where n ≥ 2 and ϕ has exponential growth [GL07], small cancellation
quotients [Pan99, Ste15, Gru15], some graph products of groups [Gen17a] (including
some right-angled Coxeter groups [BHS17, Gen16]), some graph braid groups [Gen17b].
As an application of our work, we obtain information on the geometry of free-by-cyclic
groups. More generally, combining Theorem 1.1 with [Gen19, Theorem 1.5], we get the
following statement.
Corollary 1.4. Let G be a finitely generated infinitely-ended group, let H be a group
and let ϕ : H → Aut(G) be a homomorphism. The semidirect product G oϕ H is
acylindrically hyperbolic if and only if
ker
(
H
ϕ→ Aut(G)→ Out(G)
)
is a finite subgroup of H.
In the particular case where G is free and H is infinite cyclic, this can be reformulated
as follows.
Corollary 1.5. Let n ≥ 2, and let ϕ ∈ Aut(Fn). Then Fn oϕ Z is acylindrically
hyperbolic if and only if the image of ϕ in Out(Fn) has infinite order.
Corollary 1.5 fits in a long sequence of results regarding the geometry of free-by-cyclic
groups. A theorem of Brinkmann [Bri00] based on work of Bestvina and Feighn [BF92]
asserts that Fn oϕ Z is hyperbolic if and only if ϕ is atoroidal (i.e. no nontrivial power
of ϕ preserves a conjugacy class in Fn). Also Fn oϕ Z is relatively hyperbolic if and
only if ϕ has exponential growth [GL07, Gho18, DL19, Mac02, Hag19], and in this case
it is hyperbolic relative to the mapping torus of the collection of maximal polynomially
growing subgroups of Fn for the outer class of ϕ. Finally, it was proved in [BK16, Corol-
lary 4.3] that Fn oϕ Z is virtually acylindrically hyperbolic if and only if ϕ has infinite
order. But to our knowledge, it is currently unknown whether virtually acylindrically
hyperbolic groups are acylindrically hyperbolic (see [MO19]), so Corollary 1.5 is new to
our knowledge.
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A word on the proof. Our proof of Theorem 1.1 relies on a celebrated construction
of projection complexes due to Bestvina, Bromberg and Fujiwara [BBF15]. This requires
having a collection Y of metric spaces on which Aut(G) acts (preserving the metrics),
together with projection maps between these spaces satisfying certain axioms – most
importantly, a version of the Behrstock inequality from [Beh06], and the fact that there
are only finitely many large projections between any two distinct spaces X,Z ∈ Y.
From that, Bestvina, Bromberg and Fujiwara build an action of Aut(G) on a projection
complex P which is a quasi-tree, and under a good control on Aut(G)-stabilisers of
collections of spaces in Y one can deduce that the Aut(G)-action on P is acylindrical
[BBFS17].
Let us now describe the collection Y of spaces we work with in the case where G = Fn
with n ≥ 2. The group Aut(Fn) acts on the (unprojectivized) Auter space: this is the
space of Fn-equivariant isometry classes of basepointed free simplicial minimal actions
of Fn on simplicial metric trees, and Aut(Fn) acts by precomposition of the action. Let
g ∈ G be a generic element: precisely, we require that g is not elliptic in any real Fn-tree
with cyclic edge stabilisers – those contain all trees that appear in the Culler–Morgan
compactification of Outer space. We fix a Cayley tree S0 of Fn, and let Ag be the
subspace of Auter space made of all baspointed trees (S0, p) with p varying along the
axis of g in S0. Now our collection Y consists of the Aut(Fn)-orbit of Ag, a collection of
subspaces of Auter space. We then define a notion of projections between these various
subspaces. Understanding these projections amounts to understanding the closest-point
projections within the fixed Cayley tree S0 between the axes of the elements ϕ(g) with
ϕ varying in Aut(G), and we check the Bestvina–Bromberg–Fujiwara axioms there.
A technical tool that turns out to be crucial in this analysis is a persistence of long
intersections property, which essentially amounts to saying that if an element h ∈ Fn
contains a high power of g as a subword, then for every ϕ ∈ Aut(Fn), the element
ϕ(h) contains a high power of ϕ(g). Geometrically, if the axes of g and h have a long
intersection in a Cayley tree of Fn, then for every automorphism ϕ ∈ Aut(Fn), the same
is true for ϕ(g) and ϕ(h). Here it is crucial that the element g be sufficiently generic: if
g were a basis element, one could undo a high power of g by choosing for ϕ a high power
of a Dehn twist automorphism. The proof of this property for elements g as above uses
a limiting argument where we show that if the property fails, the element g would have
to become elliptic in a tree in the boundary of Outer space.
Organization of the paper. In Section 2, we review basic notions concerning group
actions on trees, as well as the Bestvina–Bromberg–Fujiwara construction. We also es-
tablish some easy consequences of having a WPD action on a tree that are important in
the sequel. In Section 3, we give a general abstract criterion that ensures that Aut(G) is
acylindrically hyperbolic, from a G-action on a simplicial tree T with a control on over-
laps between axes of sufficiently generic elements. In Section 4, we apply this criterion
to a JSJ splitting to establish Theorem 1.3 when G is a one-ended relatively hyperbolic
group. In Section 5, we prove our main theorem showing the acylindrical hyperbolicity
of automorphism groups of finitely generated infinitely-ended groups. Finally, in Sec-
tion 6, we combine the results from the previous two sections to prove Theorem 1.3
when G is any relatively hyperbolic group, without any assumption on the number of
ends.
Acknowledgments. The first named author was supported by a public grant as part
of the Fondation Mathématique Jacques Hadamard. The second named author acknowl-
edges support from the Agence Nationale de la Recherche under Grant ANR-16-CE40-
0006 DAGGER.
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2 Preliminaries
2.1 Group actions on trees
Let G be a group. A G-tree is a real tree T equipped with an isometric G-action. Given
a G-tree T and an element g ∈ G, either g fixes a point in T (in which case g is said
to be elliptic in T ), or else it leaves a (unique) subspace ` of T homeomorphic to a line
invariant, and acts on ` by translation (in this case g is said to be loxodromic in T ,
and ` is called the axis of g in T , denoted by AxisT (g)). The characteristic subset of g,
denoted by CharT (g), is either its fix point set FixT (g) if g is elliptic, or its axis if g is
loxodromic.
A G-tree T is nonelementary if G contains two elements acting loxodromically on T and
whose axes in T intersect in a compact (possibly empty) subset. A G-tree T is minimal
if it does not contain any proper nonempty G-invariant subtree.
Throughout the paper, all simplicial trees are equipped with the simplicial metric where
all edges are assigned length 1.
We now record three general lemmas about group actions on trees that will be useful in
the paper.
Lemma 2.1. Let G be a group, and let T be a G-tree. Assume that the action is minimal
and nonelementary. Then the center Z(G) of G lies in the kernel of the G-action on T .
Proof. Let g ∈ Z(G). We claim that g fixes the axis of every element h ∈ G acting
loxodromically on T pointwise. Since the G-action on T is minimal, the tree T is equal
to the union of all axes of loxodromic elements, so this claim will be enough to conclude.
We now prove the above claim. As g ∈ Z(G), it stabilises the axis of every element h
of G that acts loxodromically on T (and acts by translation on every such axis). As the
G-action on T is nonelementary, for every element h ∈ G acting loxodromically on T ,
we can find an element h′ ∈ G which acts loxodromicaly on T and whose axis is disjoint
from the axis of T [CM87, Lemma 2.1]. Then g fixes the projection of the axis of h′
onto the axis of h. This implies that g fixes the axis of h pointwise, thus proving our
claim.
Lemma 2.2. Let G be a group, and let T be a G-tree. Let g, h, h′ ∈ G be elements
that are loxodromic in T . If the distance between the projections of AxisT (h) and of
AxisT (h′) onto AxisT (g) is greater than ‖g‖T , then the characteristic sets of gh and of
h′ are disjoint.
Proof. Let z be the point in the projection of AxisT (h) onto AxisT (g) which is the closest
to AxisT (h′).
We claim that for every x ∈ AxisT (h′), one has d(x, ghx) > d(z, ghz). Indeed, notice
that z belongs to the geodesic [x, hx]. As a consequence, gz belongs to the geodesic
[ghx, x]: this is clear if g translates z further away from AxisT (h′), and otherwise this
follows from our assumption that the distance between the projections of AxisT (h) and
of AxisT (h′) onto AxisT (g) is greater than ‖g‖T . Therefore,
d(x, ghx) = d(x, gz) + d(gz, ghx) ≥ d(z, hx).
Because the concatenation of geodesics [x, z] ∪ [z, hz] ∪ [hz, hx] is again a geodesic, we
also have
d(z, hx) = d(z, hz) + d(z, x) > ‖h‖T + 2d(z,AxisT (h)) + ‖g‖T .
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Figure 1: The two cases considered in the proof of Lemma 2.3.
But d(z, ghz) ≤ d(z, gz) + d(z, hz) = ‖g‖T + ‖h‖T + 2d(z,AxisT (h)), so d(x, ghx) >
d(z, ghz) as desired.
The above claim implies that no element in AxisT (h′) is minimally displaced by gh, in
other words AxisT (h′) ∩AxisT (gh) = ∅.
A segment contained in a tree T is said to be nondegenerate if it contains more than
one point, and degenerate otherwise. Given two segments I, J ⊆ T with degenerate
intersection, the bridge between I and J is the unique closed segment of T (possibly
reduced to a single point) that contains exactly one point of I and one point of J . Given
a tree T and a point x ∈ T , a direction at x in T is a connected component of T \ {x}.
Lemma 2.3. Let G be a group, and let T be a G-tree. Let g, h ∈ G be T -loxodromic
elements, such that AxisT (g) and AxisT (h) intersect in a compact (possibly empty) seg-
ment. Then ⋂
n,m∈Z\{0}
CharT (gnhm)
is empty if AxisT (g)∩AxisT (h) is nondegenerate, and otherwise it is equal to the bridge
between AxisT (g) and AxisT (h).
Proof. We refer to Figure 1 for an illustration of the configurations of points we consider
below.
We first assume that AxisT (g) ∩ AxisT (h) is a nondegenerate segment I = [x, y], and
we let D be its length. Up to replacing h by h−1, we will assume that g and h both
translate in the direction from x to y along I. Let n ∈ N be such that ‖gn‖T > D and
‖hn‖T > D. We will prove that gnh−n and g−nhn are T -loxodromic and that their axes
do not intersect.
Let u = hnx, and let d be the direction at u that contains x. Then the direction gnh−nd
is contained in d, and the intersection between [u, gnh−nu] and I is reduced to {y}. This
implies that gnh−n is T -loxodromic and that its axis contains [u, gnh−nu], and therefore
AxisT (gnh−n)∩I = {y}. Likewise, one shows that AxisT (g−nhn)∩I = {x}. This implies
that AxisT (gnh−n) ∩AxisT (g−nhn) = ∅, as desired.
We now assume that AxisT (g)∩AxisT (h) is degenerate, and let I = [x, y] be the bridge
between AxisT (g) and AxisT (h), with x ∈ AxisT (g) and y ∈ AxisT (h) (possibly x =
y if AxisT (g) ∩ AxisT (h) is reduced to one point). Then for every n,m ∈ Z \ {0},
the element gnhm is T -loxodromic, and I is contained in AxisT (gnhm), see [Pau89,
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Proposition 1.6(1)]. In addition, we observe that AxisT (gh) ∩ AxisT (g) = [x, gx] and
AxisT (gh) ∩ AxisT (h) = [y, h−1y], while AxisT (g−1h−1) ∩ AxisT (g) = [x, g−1x] and
AxisT (g−1h−1)∩AxisT (h) = [y, hy]. This implies that AxisT (gh)∩AxisT (g−1h−1) = I,
which concludes our proof.
2.2 Review of the Bestvina–Bromberg–Fujiwara construction
An action of a group G on a metric space Y is acylindrical if for every L > 0, there
exist R,N > 0 such that given any two points x, y ∈ Y with d(x, y) > L, there are
at most N elements g ∈ G such that d(x, gx) < R and d(y, gy) < R. A group G is
acylindrically hyperbolic [Osi16] if G admits a nonelementary acylindrical action on a
hyperbolic space.
The proof of our main results is based on a celebrated construction of Bestvina, Bromberg
and Fujiwara [BBF15], further developed by the same authors and Sisto in [BBFS17],
which gives a criterion for proving that a group is acylindrically hyperbolic.
Let Y be a collection of metric spaces, and let G be a group. A G-action on Y is metric-
preserving if for every g ∈ G and Y ∈ Y, there exists an isometry ιYg : Y → g · Y , so
that for every g, h ∈ G and every Y ∈ Y, one has ιh·Yg ◦ ιYh = ιYgh.
Theorem 2.4 (Bestvina–Bromberg–Fujiwara–Sisto [BBFS17]). Let Y be a collection of
metric spaces, and let G be a group acting in a metric-preserving way on Y such that Y
contains only finitely many G-orbits of metric spaces. Assume that there exists a map{
{(X,Y, Z) ∈ Y3 | Y 6= X,Y 6= Z} → [0,+∞]
(X,Y, Z) 7→ dY (X,Z)
such that the following conditions hold:
1. Projection axioms. There exists θ ≥ 0 such that for all pairwise distinct
X,Y, Z,W ∈ Y, the following conditions hold:
(P0) dY (X,X) ≤ θ;
(P1) if dY (X,Z) > θ then dX(Y, Z) ≤ θ;
(P2) {Y 6= X,Z | dY (X,Z) > θ} is finite;
(P3) dY (X,Z) = dY (Z,X);
(P4) dY (X,Z) + dY (Z,W ) ≥ dY (X,W ).
2. Unboundedness. For every Y ∈ Y and every R > 0, there exist X,Z ∈ Y\{Y }
such that dY (X,Z) ≥ R.
3. Isometric action. For every g ∈ G and every X,Y, Z ∈ Y with Y 6= X,Z, one
has dgY (gX, gZ) = dY (X,Z).
4. Acylindricity. There exist N,B ≥ 1 such that the pointwise stabiliser in G of
every subset of Y of cardinality at least N has cardinality at most B.
Then G is either virtually cyclic or acylindrically hyperbolic.
Proof. For every Y ∈ Y, we replace dY with a new map δY : Y\{Y } × Y\{Y } as in
[BBFS17, Theorem 4.1], such that |dY −δY | ≤ 2θ and G still preserves {δY | Y ∈ Y} (i.e.
for every g ∈ G and everyX,Y, Z ∈ Y with Y 6= X,Z, one has δgY (gX, gZ) = δY (X,Z)).
Fix a constant K > 0 and define the projection complex PK(Y) as the graph whose
vertex set is Y and whose edges link X,Z ∈ Y if there does not exist any Y ∈ Y\{X,Z}
satisfying δY (X,Z) > K. According to [BBFS17, Theorem 1.1], if K is sufficiently large,
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then PK(Y) is a quasi-tree on which G acts acylindrically; it is moreover unbounded as
a consequence of [BBF15, Proposition 3.20].
As G acts on Y with finitely many orbits, the fact that PK(Y) is unbounded implies
that G acts on PK(Y) with unbounded orbits. It then follows from [Osi16, Theorem 1.1]
that G is acylindrically hyperbolic or virtually cyclic.
2.3 Elementary subgroups and consequences of the WPD property
Let G be a group, and let Y be a hyperbolic G-space. Following Bestvina and Fujiwara
[BF02], we say that an element g ∈ G is WPD in Y if g acts loxodromically on Y and
for every R > 0 and every y ∈ Y , there exists N ∈ N such that the set{
h ∈ G | d(y, hy) ≤ R and d
(
gNy, hgNy
)
≤ R
}
is finite.
Given a group G and an element g ∈ G, we let
E(g) :=
{
h ∈ G | ∃n,m ∈ Z\{0}, hgnh−1 = gm
}
.
The following result of Dahmani, Guirardel and Osin will be crucial in the present paper.
Proposition 2.5 (Dahmani–Guirardel–Osin [DGO17, Lemma 6.5, Corollary 6.6, The-
orem 6.8 and Proposition 2.8]). Let G be a group acting by isometries on a hyperbolic
space Y , and let g ∈ G be an element which is WPD in Y . Then E(g) is virtually cyclic,
and it is the unique maximal virtually cyclic subgroup of G that contains g.
In addition E(g) is almost malnormal in G, i.e. for every h /∈ E(g), the intersection
E(g) ∩ hE(g)h−1 is finite.
Remark 2.6. Let g ∈ G be an element which is WPD in Y . Notice that by definition,
for every k ∈ Z \ {0}, one has E(gk) = E(g). It follows that E(g) is also the unique
maximal virtually cyclic subgroup of G that contains gk. So E(g) is the unique maximal
virtually cyclic subgroup of G that intersects 〈g〉 nontrivially.
In the case of group actions of trees, we will adopt the following equivalent definition of
the WPD property (we refer to [MO15, Corollary 4.3] for a proof of this equivalence).
Let G be a group, let T be a G-tree, and let L,N ≥ 0. An element g ∈ G is (L,N)-WPD
in T if g is loxodromic in T , and for every arc I ⊆ AxisT (g) of length at least L, one
has |StabG(I)| ≤ N . The element g is WPD in T if there exist L,N ≥ 0 such that g is
(L,N)-WPD in T . Notice that, if G acts acylindrically on T , then its WPD elements
are uniformly WPD (i.e. with uniform constants L,N).
We now record two consequences of the WPD property that will be useful in the paper.
Given g ∈ G, we let
FixAut(G)(g) := {ϕ ∈ Aut(G) | ϕ(g) = g}
and
StabAut(G)(E(g)) := {ϕ ∈ Aut(G) | ϕ(E(g)) ⊆ E(g)}.
Lemma 2.7. Let G be a group, let T be a simplicial G-tree, and let g ∈ G be an element
which is WPD in T . Then FixAut(G)(g) has finite index in StabAut(G)(E(g)).
Proof. Assume towards a contradiction that there exists an infinite sequence (ϕn)n∈N
of automorphisms in StabAut(G)(E(g)) which belong to pairwise distinct left cosets of
FixAut(G)(g). Let k := [E(g) : 〈g〉], which is finite by Proposition 2.5. For every n ≥ 1
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there exists pn ∈ Z such that ϕn(gk) = gpn . We equip T with the simplicial metric,
where every edge is assigned length 1. Notice that
|pn| ≤ |pn| · ‖ϕ−1n (g)‖T = ‖ϕ−1n (gpn)‖T = ‖gk‖T ,
so up to extracting a subsequence, we may suppose without loss of generality that there
exists some fixed p such that ϕn(gk) = gp for every n ≥ 1. Consequently, ϕ−11 ϕn(gk) = gk
for every n ≥ 1. For convenience, set ψn = ϕ−11 ϕn for every n ≥ 1.
Fix n ≥ 1. From the equality ψn(g)k = gk it follows that ψn(g) and g are two loxodromic
isometries of T with the same axis and the same translation length. Because g is WPD
in T , the stabiliser of a sufficiently long subsegment of AxisT (g) is finite. It follows
that, up to extracting a subsequence, we have ψn(g) = ψm(g) for every n,m ≥ 1. So
ψ−11 ψn(g) = g for every n ≥ 1. Therefore ψ1 and ψn belong to the same left coset of
FixAut(G)(g), a contradiction.
The next lemma gives a control on the overlap between the axis of a WPD element in
a tree T and the characteristic set of every other element.
Lemma 2.8. Let G be a group acting by isometries on a simplicial tree T , equipped
with the simplicial metric where every edge is assigned length 1. Let L ≥ 1 and N ≥ 0,
and let g ∈ G be an element which is (L,N)-WPD in T . Let h ∈ G be any element. If
AxisT (g) ∩ CharT (h) has length at least (N + 2)Lmax{||g||T , ||h||T }, then h ∈ E(g).
Proof. First assume that h acts elliptically on T , and fixes a segment that contains
(N + 1)L fundamental domains of the axis of g. Then there exists a nondegenerate
segment I ⊆ T containing L fundamental domains of the axis of g which is fixed by all
elements gihg−i with i ∈ {0, . . . , N}. As every edge of T has length 1, the segment I
has length at least L. As g is (L,N)-WPD in T , this implies that there exist i 6= j such
that gihg−i = gjhg−j . In other words gj−i commutes with h, so h ∈ E(g).
Now assume that h acts loxodromically on T . If AxisT (g)∩AxisT (h) contains (N +2)L
fundamental domains of both the axes of g and h, then the commutators [gi, h], with
0 ≤ i ≤ N , all fix a segment that contains at least L fundamental domains of the axis
of g. As above, there must exist i 6= j such that
gihg−ih−1 = [gi, h] = [gj , h] = gjhg−jh−1,
hence gi−jhg−(i−j) = h, and finally h ∈ E(g).
3 A general criterion for acylindrical hyperbolicity of Aut(G)
The goal of the present section is to establish a general criterion (Proposition 3.2 below)
ensuring that the automorphism group of a given group G is acylindrically hyperbolic.
This criterion requires having a G-action on a simplicial tree, and a control on patterns
of intersections of axes of certain sufficiently generic elements of G.
3.1 The persistence of long intersections property
The following definition will be crucial throughout the paper.
Definition 3.1. Let G be a group, let T be a G-tree, and let g ∈ G be a T -loxodromic
element. We say that g has the persistence of long intersections property in T if for
every C ≥ 1, there exists n(C) ≥ 1 such that for every automorphism ϕ ∈ Aut(G) and
every subset X ⊆ G, if all elements in X are T -loxodromic and
AxisT (g) ∩
⋂
h∈X
AxisT (h)
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contains a segment of length at least n(C)‖g‖T , then all elements in ϕ(X ) are T -
loxodromic and
AxisT (ϕ(g)) ∩
⋂
h∈X
AxisT (ϕ(h))
contains a segment of length at least C‖ϕ(g)‖T .
3.2 A general criterion
Given a subgroup A ⊆ Aut(G), we let StabA (E(g)) := {ϕ ∈ A | ϕ(E(g)) ⊆ E(g)}.
Proposition 3.2. Let G be a group and A ⊆ Aut(G) a subgroup such that A ∩ Inn(G)
is not virtually cyclic. Assume that there exist an element g ∈ G with adg ∈ A , and a
nonelementary simplicial G-tree T with the following properties:
1. Stable WPD: There exist L,N ≥ 0 such that, for every automorphism ϕ ∈ A ,
the element ϕ(g) is (L,N)-WPD in T .
2. Elementary fixator: 〈adg〉 has finite index in {ϕ ∈ A | ϕ(g) = g}.
3. Nielsen realisation: 〈StabA (E(g)), Inn(G) ∩A 〉 admits an action on T whose
restriction to Inn(G)∩A coincides with the action induced by Inn(G) ' G/Z(G)y
T (well-defined according to Lemma 2.1).
4. Persistence of long intersections: All elements g′ ∈ A ·g have the persistence
of long intersections property in T .
Then A is acylindrically hyperbolic.
Remark 3.3. We warn the reader that in Assumption 4, the constant n(C) that appears
in the persistence of long intersections property is allowed to depend on g′.
Proof. We denote by ρ0 : G → Isom(T ) the given G-action on T . Let D be the set of
all pairs (ρ, x), where ρ : G → Isom(T ) is a G-action by isometries on T and x ∈ T
is a basepoint, up to the following equivalence relation: (ρ1, x1) ∼ (ρ2, x2) if there
exists a (ρ1, ρ2)-equivariant isometry T → T sending x1 to x2. Given a pair (ρ, x) as
above, we denote by [ρ, x] the equivalence class of (ρ, x). The group A acts on D via
ϕ · [ρ, x] = [ρ ◦ ϕ−1, x].
Given a G-action ρ : G→ Isom(T ) and an element h ∈ G which is loxodromic in T for
the ρ-action, we denote by Axisρ(h) the axis of h in T for the ρ-action. For simplicity
of notation, we will simply write Axis(h) for Axisρ0(h). For every ϕ ∈ A , set
Yϕ :=
{[
ρ0 ◦ ϕ−1, x
]
| x ∈ Axis(g)
}
⊆ D .
We endow Yϕ with the metric
λϕ : ([ρ0 ◦ ϕ−1, x1], [ρ0 ◦ ϕ−1, x2]) 7→ dT (x1, x2).
Our goal is to apply the criterion coming from the Bestvina–Bromberg–Fujiwara con-
struction (Theorem 2.4) to the collection of all metric spaces Yϕ. Notice that for all
ϕ, ξ ∈ A , we have ξ · Yϕ = Yξϕ. In addition, for all x1, x2 ∈ Axis(g), we have
λξϕ
(
ξ · [ρ0 ◦ ϕ−1, x1], ξ · [ρ0 ◦ ϕ−1, x2]
)
= λξϕ
(
[ρ0 ◦ ϕ−1 ◦ ξ−1, x1], [ρ0 ◦ ϕ−1 ◦ ξ−1, x2]
)
= dT (x1, x2)
= λϕ
(
[ρ0 ◦ ϕ−1, x1], [ρ0 ◦ ϕ−1, x2]
)
.
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This precisely means that A acts on Y := {(Yϕ, λϕ) | ϕ ∈ A } in a metric-preserving way
(in the sense recalled above the statement of Theorem 2.4). Recall from Assumption 1
(Stable WPD) that all elements of G in the A -orbit of g are loxodromic in T for the
ρ0-action. For every g′ ∈ A · g, we let projAxis(g)Axis(g′) be the closest-point projection
of Axis(g′) onto Axis(g): this is a subsegment of Axis(g). Given ϕ,ψ ∈ A , set
piYϕ(Yψ) :=
{
[ρ0 ◦ ϕ−1, x] | x ∈ projAxis(g)Axis(ϕ−1ψ(g))
}
.
Notice that
ξ · piYϕ(Yψ) =
{
[ρ0 ◦ ϕ−1 ◦ ξ−1, x] | x ∈ projAxis(g)Axis(ϕ−1ψ(g))
}
=
{
[ρ0 ◦ ϕ−1 ◦ ξ−1, x] | x ∈ projAxis(g)Axis((ξϕ)−1(ξψ)(g))
}
= piYξϕ(Yξψ).
For every X,Y, Z ∈ Y, define
dY (X,Z) := diamY (piY (X) ∪ piY (Z)) .
Notice that for all ϕ,ψ, ξ ∈ A , one has
dYϕ(Yψ, Yξ) = diamλϕ
(
piYϕ(Yψ) ∪ piYϕ(Yξ)
)
= diamλϕ
{
[ρ0 ◦ ϕ−1, x] | x ∈ projAxis(g)
(
Axis(ϕ−1ψ(g)) ∪Axis(ϕ−1ξ(g)))}
= diamT
(
projAxis(g)Axis(ϕ−1ψ(g)) ∪ projAxis(g)Axis(ϕ−1ξ(g))
)
.
In particular, we record the following fact, which shows that the third assumption from
Theorem 2.4 (Isometric action) holds.
Fact 3.4. For all ϕ,ψ, ξ, ζ ∈ A , one has dζ·Yϕ(ζ · Yψ, ζ · Yξ) = dYϕ(Yψ, Yξ).
Before checking the projection axioms from Theorem 2.4, we begin by proving the fol-
lowing statement.
Claim 3.5. For every ϕ,ψ ∈ A , the following statements are equivalent.
1. Yϕ = Yψ,
2. ϕ(g) and ψ(g) have the same axis in T for the ρ0-action,
3. g and ϕ−1ψ(g) have the same axis in T for the ρ0-action,
4. ϕ−1ψ(g) ∈ E(g),
5. ϕ−1ψ ∈ StabA (E(g)).
Proof of Claim 3.5. The equivalence 2 ⇔ 3 follows from Assumption 4 (Persistence of
long intersections). We will now prove the equivalence of Assertions 1, 3, 4 and 5, and
for that we can (and shall) assume without loss of generality that ϕ = Id.
We first prove that 1 ⇒ 3. Assume that YId = Yψ. Then there exists a surjective
map p : Axis(g) → Axis(g) such that, for every x ∈ Axis(g), we have (ρ0 ◦ ψ−1, x) ∼
(ρ0, p(x)). In other words, there exists a (ρ0 ◦ ψ−1, ρ0)-equivariant isometry ix : T → T
sending x to p(x). Notice that, for every g′ ∈ A · g and every x ∈ Axis(g′), the
isometry ix sends a 〈ρ0 ◦ ψ−1(g′)〉-invariant geodesic to a 〈ρ0(g′)〉-invariant geodesic,
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hence ix
(
Axisρ0◦ψ−1(g′)
)
= Axis(g′). As a consequence, for every x ∈ Axis(g), the
element p(x) = ix(x) belongs to ix (Axis(g)) = ix
(
Axisρ0◦ψ−1(ψ(g))
)
= Axis(ψ(g)).
Hence
Axis(g) = {p(x) | x ∈ Axis(g)} ⊆ Axis(ψ(g)),
and finally Axis(g) = Axis(ψ(g)) (if one axis is contained in the other, then they are
equal). In other words, g and ψ(g) have the same axis in T for the ρ0-action.
We now prove that 3 ⇔ 4. The implication 3 ⇒ 4 follows from the fact that g is
WPD in T (Assumption 1) together with Lemma 2.8 (applied with h = ψ(g)). For the
converse implication, notice that if the characteristic sets of g and ψ(g) are distinct,
then a ping-pong argument shows that the subgroup generated by g and ψ(g) contains
a nonabelian free subsemigroup. This contradicts the fact that E(g) is virtually cyclic
(Proposition 2.5).
We now prove that 4 ⇔ 5. The implication 5 ⇒ 4 is clear. To prove the converse
4⇒ 5, if ψ(g) ∈ E(g), then ψ(g) has a power contained in 〈g〉. In other words ψ(E(g))
is a virtually cyclic subgroup that intersects 〈g〉 nontrivially. As E(g) is the maximal
virtually cyclic subgroup of G that intersects 〈g〉 nontrivially (see Remark 2.6), it follows
that ψ(E(g)) ⊆ E(g), as desired.
There remains to prove that 5 ⇒ 1. By Assumption 3 (Nielsen realisation), the auto-
morphism ψ defines an isometry of T . It follows that (ρ0, x) ∼ (ρ0 ◦ ψ−1, ψ−1 · x) for
every x ∈ Axis(g), because z 7→ ψ−1 · z defines a (ρ0, ρ0 ◦ ψ−1)-equivariant isometry
T → T . Since ψ−1 sends Axis(g) to Axis(ψ−1(g)), and since Axis(ψ−1(g)) = Axis(g)
(as a consequence of 4⇒ 3), we deduce that YId = Yψ as desired.
Now we are ready to verify that the projection axioms from Theorem 2.4 hold. The
conditions (P3) and (P4) are obviously satisfied. Let L ≥ 1 and N ≥ 0 be such that
for every ϕ ∈ A , the element ϕ(g) is (L,N)-WPD in T . Let K := (N + 2)L (as in
Lemma 2.8). For every C ≥ 0 and every g′ ∈ A · g, let n(C, g′) denote the constant
coming from Assumption 4 (Persistence of long intersections) as in Definition 3.1. In
the sequel, when we write ‖g‖T , we refer to the translation length of g for the ρ0-action
on T .
Condition (P0). This follows from the following more general claim when applied to
ϕ = Id.
Claim 3.6. For every ϕ ∈ A , there exists D(ϕ) ≥ 0 such that for every ψ ∈ A
satisfying Yψ 6= Yϕ, one has diamT
(
projAxis(ϕ(g))(Axis(ψ(g)))
)
≤ D(ϕ).
Proof of Claim 3.6. Let D(ϕ) := n(K‖g‖T , ϕ(g))‖ϕ(g)‖T . Assume that the intersection
between the axes of ψ(g) and ϕ(g) in T (for the ρ0-action) has length greater than D(ϕ).
It follows from Assumption 4 (Persistence of long intersections) that the intersection
between the axes of g and ψ−1ϕ(g) has length at least K‖g‖T ‖ψ−1ϕ(g)‖T (whence at
least Kmax{‖g‖T , ‖ψ−1ϕ(g)‖T } since all translation lengths of loxodromic elements are
at least 1). Lemma 2.8 therefore implies that ψ−1ϕ(g) ∈ E(g). Claim 3.5 concludes
that Yψ = Yϕ.
From now on we let D := D(Id): this bounds the diameter of the projection of the axis
of ϕ(g) onto the axis of g for every ϕ ∈ A such that these axes are distinct. Let
θ := (2D +max(1, n(2D + 1, g), n(K, g))) ‖g‖T .
We have just proved that Condition (P0) from Theorem 2.4 holds for this choice of θ,
and we will now check Conditions (P1) and (P2).
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Condition (P1). Let ϕ,ψ, ξ ∈ A be such that Yϕ, Yψ, Yξ are pairwise distinct. Assume
that dYϕ(Yψ, Yξ) > θ, in particular dYϕ(Yψ, Yξ) > (n(2D + 1, g) + 2D) ‖g‖T .
Then the union of the projections of Axis(ϕ−1ψ(g)) and Axis(ϕ−1ξ(g)) onto Axis(g)
has diameter at least (n(2D + 1, g) + 2D) ‖g‖T . As these projections have diameter at
most D, it follows that ϕ−1(ψ(g)ξ(g)) is loxodromic (for the ρ0-action) and its axis
intersects Axis(g) along a segment of length at least (n(2D + 1, g) + 2D) ‖g‖T − 2D ≥
n(2D + 1, g)‖g‖T .
It follows from Assumption 4 (Persistence of long intersections) applied to g′ = g (by
choosing the automorphism ψ−1ϕ in Definition 3.1) that gψ−1ξ(g) is T -loxodromic and
that the intersection of the axes of gψ−1ξ(g) and ψ−1ϕ(g) (for the ρ0-action) has diam-
eter at least 2D+1 (in particular these axes intersect each other). Applying Lemma 2.2
with h = ψ−1ξ(g) and h′ = ψ−1ϕ(g) shows that the distance between the projections of
Axis(ψ−1ξ(g)) and of Axis(ψ−1ϕ(g)) onto Axis(g) is at most ‖g‖T . As these projections
have diameter at most D, we conclude that dYψ(Yϕ, Yξ) ≤ 2D + ‖g‖T ≤ θ.
Condition (P2). Let ϕ,ψ ∈ A be such that Yϕ 6= Yψ. Assume for contradiction that
{Yξ 6= Yϕ, Yψ | dYξ(Yϕ, Yψ) > θ}
is infinite. In particular,
{Yξ 6= Yϕ, Yψ | dYξ(Yϕ, Yψ) > (n(K, g) + 2D)‖g‖T }
is infinite.
Let (ξi)i∈N ∈ A N be an infinite sequence such that the spaces Yξi are pairwise distinct
and all belong to the above set. Fix some i ≥ 1. Then the union of the projections onto
Axis(g) of Axis(ξ−1i ϕ(g)) and Axis(ξ−1i ψ(g)) has diameter at least (n(K, g) + 2D)‖g‖T .
As these projections have diameter at most D, it follows that
Axis(g) ∩
⋂
n,m∈Z\{0}
Axis(ξ−1i (ϕ(g)nψ(g)m))
has diameter at least
(n(K, g) + 2D)‖g‖T − 2D ≥ n(K, g)‖g‖T .
It follows from Assumption 4 (Persistence of long intersections) that for every n,m ∈
Z \ {0}, the element ϕ(g)nψ(g)m is loxodromic (for the ρ0-action) and that
Axis(ξi(g)) ∩
⋂
n,m∈Z\{0}
Axis(ϕ(g)nψ(g)m)
has diameter at least K‖ξi(g)‖T . Using Lemma 2.3, it follows that the axis of ξi(g)
intersects the bridge between Axis(ϕ(g)) and Axis(ψ(g)) along a subsegment σi of length
at least K‖ξi(g)‖T .
Up to extracting a subsequence, we may suppose without loss of generality that σi does
not depend on i. Let σ denote this subsegment. Also, because the translation lengths
of the elements ξi(g) are bounded by the distance between Axis(ϕ(g)) and Axis(ψ(g)),
up to extracting a subsequence, we may suppose without loss of generality that the
elements ξi(g) all have the same translation length. Now, for every i ≥ 2, the axes of
ξ1(g) and ξi(g) have an overlap of length at least K‖ξ1(g)‖T . As ξ1(g) is (L,N)-WPD
(Assumption 1), it follows from Lemma 2.8 that ξi(g) ∈ ξ1(E(g)), i.e. ξ−11 ξi(g) ∈ E(g).
By Claim 3.5, it follows that Yξ1 = Yξi , a contradiction.
Finally, we need to verify the unboundedness and acylindricity conditions of Theo-
rem 2.4: this is done in the following two claims.
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Claim 3.7. For every ϕ ∈ A and every R > 0, there exist ζ, ξ ∈ A such that
dYϕ(Yζ , Yξ) ≥ R.
Proof of Claim 3.7. Without loss of generality, we can assume that ϕ = Id. By assump-
tion A ∩ Inn(G) is not virtually cyclic. On the other hand, it follows from Assumption 2
(Elementary fixator) together with Lemma 2.7 that StabA (E(g)) is virtually cyclic. We
thus deduce from Claim 3.5 that there exists h ∈ G such that adh belongs to A , and
such that g and k := hgh−1 do not have the same axis in T . As a consequence, the
projection of the axis of k onto the axis of g has diameter at most D, hence
diam
(
projAxis(g)
(
Axis(gnkg−n)
) ∪ projAxis(g) (Axis(g−nkgn))) −→n→+∞ +∞,
or equivalently
dYId
(
Yadgnh , Yadg−nh
)
−→
n→+∞ +∞,
concluding the proof of our claim.
Claim 3.8. Let ϕ,ψ ∈ A . If Yψ 6= Yϕ, then StabA (Yψ) ∩ StabA (Yϕ) has cardinality at
most [StabA (E(g)) : 〈adg〉].
Proof of Claim 3.8. We assume without loss of generality that ψ = Id. Let ψ0, . . . , ψn ∈
A be automorphisms contained in StabA (YId)∩StabA (Yϕ). As Yψi = YId, it follows from
Claim 3.5 that ψ0, . . . , ψn ∈ StabA (E(g)). As a first consequence, if n > [StabA (E(g)) :
〈adg〉], then there exist i 6= j such that ψi ∈ ψj · 〈adg〉. As a second consequence, using
Assumption 3 (Nielsen realisation), the automorphisms ψi and ψj can be thought of as
isometries of T . As ψi and ψj both stabilise YId, it follows from Claim 3.5 that g, ψi(g)
and ψj(g) all have the same axis. As ψi and ψj both stabilise Yϕ (i.e. Yϕ = Yψiϕ = Yψjϕ),
it follows from the implication 1⇒ 2 from Claim 3.5 that ϕ(g), ψi(ϕ(g)) and ψj(ϕ(g))
also all have the same axis. So ψi and ψj (viewed as isometries of T ) stabilise the axes
of both g and ϕ(g), and these two axes are distinct according to Claim 3.5 because
YId 6= Yϕ. Therefore both ψi and ψj act as the identity on the projection of Axis(ϕ(g))
onto Axis(g). Since adg acts as a translation on the axis of g, it follows from ψi ∈ ψj ·〈adg〉
that ψi = ψj , concluding the proof of the claim.
By Assumption 2 (Elementary fixator), the group 〈adg〉 has finite index in {ϕ ∈ A |ϕ(g) =
g}, and by Lemma 2.7 this in turn has finite index in StabA (E(g)). In other words
[StabA (E(g)) : 〈adg〉] is finite. It therefore follows from Claim 3.8 that Condition 4
from Theorem 2.4 (Acylindricity) holds. Conditions 1 (Projection axioms) and 3 (Iso-
metric action) have been checked above, and Condition 2 (Unboundedness) is given by
Claim 3.7. Thus, we have proved that Theorem 2.4 applies, and as A is not virtually
cyclic by assumption, we conclude that A is acylindrically hyperbolic.
3.3 The case of an Aut(G)-invariant tree
The simplest case where Proposition 3.2 applies is when the G-tree T is A -invariant,
i.e. the action Inn(G) ' G/Z(G)y T extends to an isometric action A y T . This may
happen when G admits a canonical JSJ decomposition. For instance, this strategy has
been successfully applied in [Gen19] to one-ended hyperbolic groups, and it will be used
in the next section in the broader context of one-ended relatively hyperbolic groups. A
direct proof of the following criterion is essentially contained in the argument given in
[Gen19], but it can also be deduced from Proposition 3.2.
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Proposition 3.9. Let G be a group, let A ⊆ Aut(G) be a subgroup such that A ∩Inn(G)
is not virtually cyclic, and let T be an A -invariant simplicial G-tree. Assume that the
G-action on T is nonelementary, and that there exists an element g ∈ G which is WPD
in T such that 〈adg〉 is contained in A and has finite index in {ϕ ∈ Aut(G) | ϕ(g) = g}.
Then A is acylindrically hyperbolic.
Proof. Conditions 1 (Stable WPD), 3 (Nielsen realisation) and 4 (Persistence of long
intersections) in Proposition 3.2 are clearly sastisfied as T is A -invariant. Consequently,
Proposition 3.2 applies and the desired conclusion follows.
3.4 A word on the Nielsen realisation assumption
Interestingly, to the price of a slightly weaker conclusion, the Nielsen realisation assump-
tion can often be removed from the conditions of our criterion if one has more information
about the outer automorphism group of G, namely if we know that Out(G) is virtually
torsion-free or residually finite. Having a residually finite outer automorphism group is
widespread, as a consequence of the strategy introduced by Grossman in [Gro75]. For
instance, Minasyan and Osin proved that the outer automorphism group of every finitely
generated residually finite infinitely-ended group is residually finite [MO10]. See also
[MS06, MS10, AMS16] for other instances of such statements.
The price to pay in the conclusion is that without the Nielsen realisation assumption,
we can only prove that Aut(G) contains a finite-index subgroup which is acylindrically
hyperbolic. The stability of acylindrical hyperbolicity under finite-index overgroups is
still open to our knowledge (see the discussion in [MO19]), so a priori we cannot conclude
that the entire automorphism group is acylindrically hyperbolic. Nevertheless, many of
the interesting properties which can be deduced from being acylindrically hyperbolic,
such as the existence of uncountably many normal subgroups [DGO17, Theorem 2.33],
pass from a finite-index subgroup to the overgroup, so proving that a group is virtually
acylindrically hyperbolic remains of interest.
Proposition 3.10. Let G be a group such that Out(G) is virtually torsion-free or resid-
ually finite, and A ⊆ Aut(G) a subgroup such that A ∩ Inn(G) is not virtually cyclic.
Assume that there exist an element g ∈ G with adg ∈ A , and a nonelementary simplicial
G-tree T with the following properties:
1. Stable WPD: There exist L,N ≥ 0 such that, for every automorphism φ ∈ A ,
the element φ(g) is (L,N)-WPD in T .
2. Elementary fixator: 〈adg〉 has finite index in {ϕ ∈ A | ϕ(g) = g}.
3. Persistence of long intersections: All elements in A · g have the persistence
of long intersections property in T .
Then A is virtually acylindrically hyperbolic.
Proof. By Lemma 2.7, the group StabA (E(g)) contains FixA (g) as a finite-index sub-
group. It thus follows from Assumption 2 (Elementary fixator) that StabA (E(g)) has
finite image in Out(G). As Out(G) is virtually torsion-free or residually finite, there
exists a finite-index subgroup A− ⊆ A such that StabA−(E(g)) is contained in Inn(G)
(and with adg ∈ A−). Now, we want to apply Proposition 3.2 to A− to deduce that A−
is acylindrically hyperbolic. Notice that the Nielsen realisation condition from Proposi-
tion 3.2 is now obviously satisfied, and the other conditions are hypotheses in our propo-
sition. Consequently, Proposition 3.2 applies and the desired conclusion follows.
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4 Relatively hyperbolic groups: the one-ended case
In this section, we establish Theorem 1.3 from the introduction in the case where G is
one-ended relatively to the collection P of peripheral subgroups. We refer the reader to
[Bow12] for the definition of hyperbolicity of a group relative to a collection of subgroups;
we say that a group is relatively hyperbolic if there exists a finite collection P of proper
subgroups such that G is hyperbolic relative to P.
4.1 Nowhere elliptic elements
Let G be a group and P a collection of subgroups. A subgroup H ⊆ G is P-elementary
if it is either virtually cyclic (possibly finite) or conjugate into a subgroup in P. A
subgroup H ⊆ G is an arc stabiliser in a real G-tree T if H fixes a nondegenerate
segment of T pointwise.
Definition 4.1. Let G be a group. An element g ∈ G is nowhere elliptic if g is
not elliptic in any real G-tree with (finite or) virtually cyclic arc stabilisers. Given a
collection P of subgroups of G, we say that g is P-nowhere elliptic if g is not elliptic in
any real G-tree with P-elementary arc stabilisers.
The main goal of this section is to construct P-nowhere elliptic elements for specific
families P of subgroups, including peripheral subgroups in relatively hyperbolic groups.
To be precise, the families of subgroups we are interested in are as follows.
Definition 4.2 ([Gen18, Definition 4.21]). Let G be a group. A collection P of sub-
groups of G is simultaneously elliptic if there exists a hyperbolic space on which G acts
by isometries with at least one WPD element such that all the subgroups in P are
elliptic.
Our main construction of nowhere elliptic elements is the following.
Lemma 4.3. Let G be a group which is not virtually cyclic, and P a collection of
subgroups. If P is simultaneously elliptic, then there exists an element g ∈ G which is
P-nowhere elliptic.
Proof. Fix a finite generating set X0 of G, and set X = (X0 ∪ {1})4. Let G act on a
hyperbolic space Y with at least one WPD element such that all the subgroups in P are
elliptic. As G is not virtually cyclic, the set
{E(g) | g ∈ G is WPD in Y }
is an infinite collection of maximal virtually cyclic subgroups. Notice that if g, g′ ∈ G are
two WPD elements for the G-action on Y with E(g) 6= E(g′), then E(g)∩E(g′) is finite.
Therefore, every element s ∈ X of infinite order is contained in at most one subgroup
of G of the form E(g) with g WPD in Y . It follows that we can (and shall) choose a
WPD element g ∈ G such that for every s ∈ X of infinite order, one has s /∈ E(g).
From [DGO17, Theorem 8.7], we know that, up to replacing g with a sufficiently large
power, the normal subgroup 〈〈g〉〉 is free and purely Y -loxodromic. Consequently, 〈〈g〉〉
intersects every subgroup of G which is conjugate to a subgroup in P trivially. As a
subgroup of 〈〈g〉〉, the group H := 〈sgs−1, s ∈ X〉 is free; moreover, its rank is at
least two because otherwise, for every s ∈ X, we would have sE(g)s−1 ⊆ E(g) implying
s ∈ E(g).
According to [KL10] (see also [Sol12, CM15, GL19]), there exists some h ∈ H such
that H does not split relatively to h over a cyclic subgroup. We will prove that h is
P-nowhere elliptic, which will conclude our proof.
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So let T be an R-tree equipped with a nontrivial isometric action of G with P-elementary
arc stabilisers, and let us prove that h is loxodromic in T . Up to replacing T by its
minimal G-invariant subtree, we will assume that the G-action on T is minimal. We
will first prove that H does not fix any point in T . If g acts loxodromically on T , there
is nothing to prove as g ∈ H. We thus suppose that Fix(g) is non-empty.
We claim that (X0∪{1})2 contains a loxodromic isometry. This is obvious if X0 contains
a loxodromic isometry, so assume that all the elements of X0 are elliptic. As G = 〈X0〉
does not fix any point in T , there exist two distinct elements x, x′ ∈ X0 such that
Fix(x) ∩ Fix(x′) = ∅. Then the product xx′ is loxodromic, which proves our claim.
Let now s ∈ (X0 ∪ {1})2 be a loxodromic element, as provided by the above paragraph.
If Fix(g) is reduced to a single point, then Fix(g) and Fix(sgs−1) = sFix(g) are disjoint,
so that g · sgs−1 defines a T -loxodromic element in H. From now on, we assume that
Fix(g) is not reduced to a single point. If the axis of s has a subsegment of length
bigger than ‖s‖T contained in Fix(g), then the commutator [g, s] fixes a non-degenerate
arc I ⊆ Fix(g). Notice that Stab(I) is a P-elementary subgroup that contains g; as
〈〈g〉〉 intersects the groups in P trivially, it follows that Stab(I) must be virtually cyclic.
As a consequence, Stab(I) ⊆ E(g). Hence the element sg−1s−1 = g−1[g, s] belongs to
g−1E(g) = E(g), so 〈g〉 ⊆ E(g) ∩ sE(g)s−1. As E(g) is almost malnormal (Proposi-
tion 2.5), this implies that s ∈ E(g). As s has infinite order (being loxodromic in T ),
this contradicts our choice of g. Thus, we have proved that the intersection between
the axis of s and Fix(g) is a (possibly empty) segment of length at most ‖s‖T . As a
consequence, Fix(g) and Fix(s2gs−2) = s2Fix(g) are disjoint, so that g · s2gs−2 defines
a T -loxodromic element which belongs to H.
So H acts nontrivially on T . As H is free and intersects all conjugates of subgroups in
P trivially, the H-action on T has cyclic arc stabilisers. If h is elliptic, it follows from
[Gui08, Corollary 5.2] that H splits relatively to h over a cyclic subgroup, contradicting
the choice of h. Therefore, h must be loxodromic in T , as desired.
In some situations, being P-nowhere elliptic (with respect to a well-chosen family P
of subgroups) is sufficient in order to verify Condition 2 (Elementary fixator) from
Proposition 3.2. For instance, the strategy works for some right-angled Artin groups
[Gen18], and also for hyperbolic and relatively hyperbolic groups thanks to the following
fact.
Proposition 4.4 (Guirardel–Levitt [GL15, Corollary 7.13]). Let G be a group which
is hyperbolic relative to a finite set P of finitely generated subgroups, and let g ∈ G be
P-nowhere elliptic. Then FixAut(G)(g) contains 〈adg〉 as a finite-index subgroup.
4.2 Acylindrical hyperbolicity of the automorphism group
We start by recording the following lemma.
Lemma 4.5. Let G be a group such that Inn(G) is infinite. If Aut(G) is acylindrically
hyperbolic, then every subgroup A of Aut(G) that contains Inn(G) is acylindrically
hyperbolic.
Proof. Let Aut(G) act nonelementarily and acylindrically on a hyperbolic space X.
Since Inn(G) is an infinite normal subgroup ofAut(G), it follows from [Osi16, Lemma 7.2]
that the induced action of Inn(G) on X is nonelementary. In particular the A -action
on X is nonelementary, and this action is also acylindrical (being a restriction of an
acylindrical action), so the desired conclusion follows.
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Given a group G and a collection P of subgroups of G, we denote by Aut(G,P) the
subgroup of Aut(G) made of all automorphisms which send every subgroup in P to a
conjugate of a subgroup in P. Also, recall that G is one-ended relatively to P if it does
not split relatively to P over a finite subgroup. For instance, if G is one-ended, then
it is automatically one-ended relatively to P. As an application of the theory of JSJ
decompositions for relatively hyperbolic groups (we refer the reader to [GL17] for an
account of this theory), we deduce the following statement.
Proposition 4.6. Let G be a group which is hyperbolic relative to a finite collection P
of finitely generated subgroups, with no subgroup in P equal to G. Assume that G is not
virtually free and that it is one-ended relatively to P. Then Aut(G,P) is acylindrically
hyperbolic.
Proof. According to [GL17, Corollary 9.20], the group G admits an Aut(G,P)-invariant
JSJ tree T over P-elementary subgroups. Moreover, according to [GL17, Proposi-
tion 7.12], the G-action on T is acylindrical. Because G is not virtually cyclic, either
the G-action on T has a global fixed point or it is nonelementary.
Assume first that G fixes a vertex v of T . If v is rigid, then G does not split over
a P-elementary subgroup and it follows from [GL15, Corollary 7.13] that Out(G,P)
is finite. Consequently, Inn(G) ' G/Z(G) has finite index in Aut(G,P). As Z(G) is
finite, it follows from [Dru09] that Aut(G,P) is relatively hyperbolic, hence acylindrically
hyperbolic as desired. If v is flexible, then according to [GL17, Corollary 9.20], G is P-
elementary (which is impossible), or virtually free (which is also impossible), or virtually
a closed surface group. In the latter case, the acylindrical hyperbolicity of Aut(G) follows
from [Gen19, Corollary 5.5]. As Inn(G) is infinite and contained in Aut(G,P), it follows
from Lemma 4.5 that Aut(G,P) is acylindrically hyperbolic.
From now on, assume that G acts nonelementarily on T . By Lemma 4.3, there exists an
element g ∈ G which is P-nowhere elliptic. In particular g acts loxodromically on T , and
as the G-action on T is acylindrical, the element g is WPD in T . By Proposition 4.4, the
group 〈adg〉 has finite index in {ϕ ∈ Aut(G,P) | ϕ(g) = g}. Acylindrical hyperbolicity
of Aut(G,P) therefore follows from Proposition 3.9.
5 Infinitely-ended groups
In this section, we prove our main theorem that automorphism groups of finitely gen-
erated infinitely-ended groups are acylindrically hyperbolic. The strategy is to apply
the criterion given by Proposition 3.2. The key Condition 4 (Persistence of long in-
tersections) is studied in Section 5.1. The proof of our theorem is then completed in
Section 5.2.
5.1 Persistence of long intersections
Recall the definition of nowhere elliptic elements from Definition 4.1. The main state-
ment of the subsection is the following proposition.
Proposition 5.1. Let G be a finitely generated infinitely-ended group, and let T be a
minimal simplicial G-tree with finite edge stabilisers.
Then all nowhere elliptic elements of G have the persistence of long intersections prop-
erty in T .
Our proof of Proposition 5.1 requires a few preliminary lemmas. First of all, we recall
that the bounded backtracking constant BBT(f) of a G-equivariant map f from a G-tree
S to a G-tree T is defined as the smallest D ≥ 0 such that for every x, y ∈ S and every
18
z ∈ [x, y], one has dT (f(z), [f(x), f(y)]) ≤ D. The following lemma extends [BFH97,
Lemma 3.1] and its proof to more general deformation spaces. The idea of using the
renormalised volume vol was suggested to us by Vincent Guirardel.
Lemma 5.2. Let G be a finitely generated group and K ≥ 1 an integer. Let S and T
be two minimal simplicial metric G-trees whose edge stabilisers have cardinality at most
K, and let f : S → T be a G-equivariant map. Then
BBT(f) ≤ 2K · Lip(f) · vol(S/G)
where vol(S/G) :=
∑
e∈E(S/G)
`(e)/|Ge|.
Proof. Up to rescaling the metric of S by a factor 1/Lip(f), we may assume without
loss of generality that f is 1-Lipschitz. We will prove more precisely that
BBT(f) ≤ 2K
(
vol(S/G)− vol(T/G)
)
.
Notice that if U is a simplicial metric G-tree, and if g : S → U and h : U → T are
1-Lipschitz G-equivariant maps, then BBT(g ◦ h) ≤ BBT(g) + BBT(h). As every G-
equivariant 1-Lipschitz map from S to T factors (up to subdividing the edges of S) as
a composition of collapses and folds [Sta83], it is therefore enough to observe that the
above inequality holds when f is a collapse map or a fold.
First, assume that f is a collapse map. Then BBT(f) = 0, while the right-hand side of
the above inequality is always non-negative. So the inequality holds.
Next, assume that f folds two edges e and e′ in different orbits (with the same length
`(e)). Then BBT(f) = `(e), while
2K
(
vol(S/G)− vol(T/G)
)
= 2K`(e)
( 1
|Ge| +
1
|Ge′ | −
1
|〈Ge, Ge′〉|
)
.
Since |〈Ge, G′e〉| ≥ |〈G′e〉|, we have
2K
(
vol(S/G)− vol(T/G)
)
≥ `(e) 2K|Ge| ≥ `(e) = BBT(f)
as desired.
Finally, if f folds two distinct edges e and ge in the same orbit, then Gf(e) = 〈Ge, g〉
and BBT(f) = `(e). Therefore
2K
(
vol(S/G)− vol(T/G)
)
= 2`(e)K
( 1
|Ge| −
1
|〈Ge, g〉|
)
.
As ge 6= e, the edge group Ge is a proper subgroup of 〈Ge, g〉, hence |〈Ge, g〉| ≥ 2|Ge|.
Consequently,
2K
(
vol(S/G)− vol(T/G)
)
≥ `(e) K|Ge| ≥ `(e) = BBT(f),
as desired.
Given a G-tree S and ϕ ∈ Aut(G), we denote by S · ϕ the G-tree obtained from S
by precomposing the action by ϕ. A deformation space of G-trees is a space D of
equivariant isometry classes of G-trees T , equipped with the quotient of the Gromov–
Hausdorff equivariant topology introduced by Paulin in [Pau88, Pau89], such that for
any two trees T, T ′ ∈ D , there exist G-equivariant maps from T to T ′ and from T ′ to T
(equivalently all trees in D have the same elliptic subgroups). We say that a deformation
space D is Aut(G)-invariant if for every S ∈ D and every ϕ ∈ D , one has S ·ϕ ∈ D . We
recall that all simplicial trees are equipped with the simplicial metric, where each edge
is assigned length 1.
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Lemma 5.3. Let G be a finitely generated infinitely-ended group, and let D be an
Aut(G)-invariant deformation space of minimal simplicial G-trees with finite edge sta-
bilisers of bounded cardinality. Let S ∈ D , and let (ϕn)n∈N ∈ Aut(G)N. Then (S ·ϕn)n∈N
has a subsequence that converges projectively in the equivariant Gromov–Hausdorff topol-
ogy to a nontrivial real G-tree with virtually cyclic arc stabilisers.
Proof. As G is infinitely-ended, it contains a nonabelian free group. Therefore, by
[CM87, Pau88], the sequence (S · ϕn)n∈N has a subsequence that converges projectively
to a nontrivial real G-tree T . This means that there exists a sequence (αn)n∈N ∈ (R∗+)N
such that the rescaled G-trees αnS ·ϕn converge non-projectively to T . We aim to show
that T has virtually cyclic arc stabilisers.
If the sequence (αn)n∈N does not converge to 0, then there is a positive lower bound to
the translation length in αnS · ϕn of every infinite-order element of G. So in the limit,
all point stabilizers (in particular all arc stabilizers) in T are finite.
We can therefore assume that the renormalizing sequence (αn)n∈N converges to 0. Let
I = [x, y] ⊆ T be a nondegenerate arc. We aim to prove that Stab(I) is virtually cyclic,
so we can assume without loss of generality that Stab(I) is infinite, as otherwise the
conclusion is obvious. Let M ≥ 0 be an upper bound to the cardinality of an edge
stabiliser of a tree in D , and let g0, . . . , gM ∈ Stab(I) be pairwise distinct elements.
Choose approximations (xn)n∈N of x and (yn)n∈N of y in the trees αnS · ϕn. Then
for every h ∈ Stab(I), the characteristic sets of g0, . . . , gM and h in αnS · ϕn all pass
arbitrary close to xn and yn, and the translation lengths of g0, . . . , gM and h in αnS ·ϕn
are all arbitrary small compared to the distance between xn and yn. As edge stabilisers
of S ·ϕn have cardinality at most M , there exists kn ∈ {g0, . . . , gM} which is loxodromic
in S · ϕn. Up to passing to a subsequence, we can assume that kn does not depend on
n, and we denote it by k. Then there exists L > 0 such that for every sufficiently large
n ∈ N, the commutator [k, h] fixes a nondegenerate subsegment of length L of the axis
of k in αnS · ϕn. As the sequence (αn)n∈N converges to 0, it follows that [k, h] fixes
a subsegment of arbitrary large length in the (non-renormalized) tree S · ϕn. As edge
stabilisers of S are finite, the element k is WPD (with uniform constants) in all trees
S · ϕn. Using Lemma 2.8, we deduce that [k, h] ∈ E(k), and therefore hkh−1 ∈ E(k).
As E(k) is almost malnormal, this implies that h ∈ E(k). Therefore Stab(I) ⊆ E(k),
which is virtually cyclic.
Lemma 5.4. Let G be a finitely generated infinitely-ended group, and let D be an
Aut(G)-invariant deformation space of minimal simplicial G-trees with finite edge sta-
bilisers of bounded cardinality. Let S ∈ D , and let g ∈ G be an element which is nowhere
elliptic (in particular g is S-loxodromic).
Then g has the persistence of long intersections property in S.
Proof. Assume towards a contradiction that the conclusion of the lemma fails. Then we
can find C ≥ 1, a sequence of subsets (Xn)n∈N ∈ (2G)N made of S-loxodromic elements,
and a sequence (ϕn)n∈N ∈ Aut(G)N, such that for every n ∈ N, the intersection
AxisS(g) ∩
⋂
h∈Xn
AxisS(h)
contains n fundamental domains of the axis of g, while either ϕn(Xn) contains an S-
elliptic element, or the intersection
AxisS(ϕn(g)) ∩
⋂
h∈Xn
AxisS(ϕn(h))
contains at most C fundamental domains of the axis of ϕn(g).
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By Lemma 5.3, up to passing to a subsequence, the sequence (S · ϕn)n∈N converges
projectively to a nontrivial G-tree T with virtually cyclic arc stabilisers. This means
that there exists a sequence (αn)n∈N ∈ (R∗+)N such that the rescaled G-trees αnS · ϕn
converge (non-projectively) to T . For every n ∈ N, we let Sn := αnS · ϕn. As G is
finitely generated and S is a minimal G-tree, the tree S has finitely many G-orbits of
edges. Therefore, there exists a Lipschitz G-equivariant map from S to T . Let L > 0 be
such that there exists an L-Lipschitz G-equivariant map from S to T . Then for every
sufficiently large n ∈ N, there exists a 2L-Lipschitz G-equivariant map fn : S → Sn. Let
K > 0 be the maximal cardinality of an edge stabiliser of a tree in D (which is bounded
by assumption). By Lemma 5.2, letting M := 4KL · vol(S/G), we have BBT(fn) ≤ M
for every n ∈ N.
Fix n ∈ N. Let In be a segment contained in
AxisS(g) ∩
⋂
h∈Xn
AxisS(h)
which contains n fundamental domains of AxisS(g). Then fn(In) is contained both in
an M -neighbourhood of AxisSn(g), and also in an M -neighbourhood of CharSn(h) for
every h ∈ Xn. In addition fn(In) contains n fundamental domains of AxisSn(g).
Assume first that all elements in Xn are Sn-loxodromic. If
AxisSn(g) ∩
⋂
h∈Xn
AxisSn(h)
is empty, then fn(In) has diameter at most 2M , so n‖g‖Sn ≤ 2M. If
AxisSn(g) ∩
⋂
h∈Xn
AxisSn(h)
is non-empty, since it contains at most C fundamental domains of AxisSn(g), we deduce
that
n‖g‖Sn ≤ C‖g‖Sn + 2M, hence ||g||Sn ≤
2M
n− C .
In both cases, we deduce in the limit that ||g||T = 0. This contradicts the fact that g is
nowhere elliptic.
Assume now that there exists an element hn ∈ Xn which is Sn-elliptic. As hn is S-
loxodromic, it is of infinite order, and therefore hn fixes exactly one point in Sn. We
deduce that n‖g‖Sn ≤ 2M and reach a contradiction as in the previous case.
Lemma 5.5. Let G be a group. Let S and T be two simplicial G-trees, and assume that
there exists a G-equivariant collapse map S → T . Let g, h ∈ G, and assume that g is
loxodromic in both S and T . Let nS (resp. nT ) be the number of fundamental domains
of AxisS(g) (resp. AxisT (g)) contained in CharS(h) (resp. CharT (h)).
Then nS ≤ nT ≤ nS + 2.
Proof. Every fundamental domain of AxisS(g) is sent to a fundamental domain of
AxisT (g) under the collapse map f : S → T , and CharS(h) is sent to CharT (h); this
shows that nS ≤ nT . Conversely, the f -preimage of every fundamental domain of
AxisT (g) contained in CharT (h) is a fundamental domain of AxisS(g) which intersects
CharS(h) in a nondegenerate segment, which shows that nT ≤ nS + 2 (notice that it
could happen that CharS(h) contains n fundamental domains of AxisS(g) and crosses
two extra fundamental domains partially, and those partial fundamental domain could
collapse to full fundamental domains of AxisT (g) under f , which is why we need two
extra fundamental domains in the conclusion).
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Lemma 5.6. Let G be a finitely generated infinitely-ended group, let T be a simplicial
G-tree. Let g ∈ G be an element which is nowhere elliptic. Assume that there exist an
Aut(G)-invariant deformation space D of simplicial G-trees with finite edge stabilisers
of bounded cardinality, and a tree S ∈ D coming with a G-equivariant collapse map
S → T .
Then T has finite edge stabilisers, and g is T -loxodromic and it has the persistence of
long intersections property in T .
Proof. Notice that preimage in S of a vertex of T is a subtree. Consequently, an edge
stabiliser in T stabilises two disjoint subtrees in S, and so it must be finite because it
stabilises the bridge between these two subtrees and because edge stabilisers in S are
finite. Therefore, T has finite edge stabilisers. It follows that g is T -loxodromic since g
is nowhere elliptic.
Let C ≥ 1, and let n(C) be the number coming from the persistence of long intersections
property for g in S (ensured by Lemma 5.4). Let ϕ ∈ Aut(G), and let X ⊆ G. Assume
that all elements in X are T -loxodromic and that
AxisT (g) ∩
⋂
h∈X
AxisT (h)
contains n(C) + 2 fundamental domains of the axis of g. Using Lemma 5.5, we deduce
that
AxisS(g) ∩
⋂
h∈X
AxisS(h)
contains n(C) fundamental domains of the axis of g. By Lemma 5.4, all elements in
ϕ(X ) are S-loxodromic, and
AxisS(ϕ(g)) ∩
⋂
h∈X
AxisS(ϕ(h))
contains C fundamental domains of the axis of ϕ(g). Using Lemma 5.5 again, this
implies that the same is true in T .
We are now in position to complete our proof of the main result of the section.
Proof of Proposition 5.1. Since G is finitely generated and T is a minimal G-tree, there
are only finitely many G-orbits of edges. We can therefore let K be the maximal car-
dinality of an edge stabiliser in T , which is finite. Let AK be the collection of all finite
subgroups of G of cardinality at most K, and let D be the JSJ deformation space of
G over subgroups in AK : this exists by Linnell’s accessibility [Lin83], see e.g. [GL17,
Remark 3.3], and it is Aut(G)-invariant. In addition, the tree T is a splitting of G over
AK , and as such it is universally elliptic (i.e. its edge stabilisers, being finite, are elliptic
in all splittings of G over AK). It thus follows from [GL17, Lemma 2.15] that T has a
refinement in D . The conclusion therefore follows from Lemma 5.6.
5.2 Acylindrical hyperbolicity of the automorphism group
We are now ready to prove the main result of the paper.
Theorem 5.7. Let G be a finitely generated infinitely-ended group. Then Aut(G) is
acylindrically hyperbolic.
Proof. Our goal is to apply the criterion provided by Proposition 3.2.
Let S be a nontrivial minimal simplicial G-tree with finite edge stabilisers (of bounded
cardinality), and let P be a finite set of representatives of the vertex stabilisers of S.
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By [Dah03], the group G is hyperbolic relative to P. Let g ∈ G be a P-nowhere elliptic
element, as given by Lemma 4.3. By Proposition 4.4, the group FixAut(G)(g) contains
〈adg〉 as a finite-index subgroup. Also, notice that g must be S-loxodromic, so it is WPD
in S as edge stabilisers are finite. Therefore, Lemma 2.7 implies that StabAut(G)(E(g))
contains 〈adg〉 as a finite-index subgroup.
Let H := StabAut(G)(E(g)), and let H˜ := 〈H, Inn(G)〉. Then H˜ has finite image in
Out(G), and therefore it contains Inn(G) as a finite index subgroup. As G is infinitely-
ended, its center Z(G) is finite (as a consequence, for instance, of Lemma 2.1), so
Inn(G) ' G/Z(G) is again finitely generated and infinitely-ended. Therefore H˜ is
finitely generated and infinitely-ended. By Stallings’ theorem [Sta68, Sta71], there exists
a nontrivial simplicial H˜-tree T with finite edge stabilisers. Up to replacing T with
an H˜-invariant subtree, we shall assume that T is minimal. In particular T can be
viewed as a G-tree, and as such it satisfies Assumption 3 from Proposition 3.2 (Nielsen
realisation). Notice that the element g has to be T -loxodromic, so it is WPD for the
G-action on T as edge stabilisers are finite. As G is not virtually cyclic, the G-action
on T is nonelementary.
We now apply Proposition 3.2 to the element g and the tree T . As edge stabilisers in T
have bounded cardinality, all elements of G which are T -loxodromic are uniformly WPD,
showing that Assumption 1 holds. Assumptions 2 (Elementary fixator) and 3 (Nielsen
realisation) have been checked above. Notice that every element g′ in the Aut(G)-orbit
of g is nowhere elliptic: indeed, if g′ = ϕ(g) were elliptic in a tree T with virtually
cyclic edge stabilizers, then g would be elliptic in T · ϕ−1 which also has virtually
cyclic edge stabilizers. Thus Assumption 4 (Persistence of long intersections) follows
from Proposition 5.1. Proposition 3.2 therefore implies that Aut(G) is acylindrically
hyperbolic.
Remark 5.8. The finite generation assumption on G is crucial in Theorem 5.7. Here is
an example of a (non-finitely generated) group G that splits as a free product, for which
Aut(G) fails to be acylindrically hyperbolic.
Let Z be the direct sum of countably many copies of Z, and let G = Z∗Z. We claim that
Aut(G) is not acylindrically hyperbolic. Indeed, assume towards a contradiction that
Aut(G) acts acylindrically and nonelementarily on a hyperbolic space X. Then Inn(G)
acts nonelementarily onX, see e.g. [Osi16, Lemma 7.2]. Thus, some inner automorphism
is WPD with respect to the Aut(G)-action on X, which implies in particular that some
inner automorphism has virtually cyclic centralizer.
But on the other hand, we claim that every inner automorphism adg has non-virtually
cyclic centralizer, which leads to a contradiction. Indeed, every g ∈ G is contained in a
subgroup of the form Zn ∗Zn, where Zn ⊆ Z is the direct sum of the first n copies of Z,
and therefore g is fixed by every automorphism ϕ of G that preserves each of the two
copies of Z from the free product G = Z ∗ Z and fixes Zn in each factor. This implies
that the inner automorphism adg commutes with all such ϕ.
6 Relatively hyperbolic groups: the general case
This last section is dedicated to the proof of Theorem 1.3 from the introduction.
Theorem 6.1. Let G be a group which is hyperbolic relative to a finite collection P
of finitely generated proper subgroups. Assume that G is not virtually cyclic. Then
Aut(G,P) is acylindrically hyperbolic.
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Proof. If G is infinitely-ended, then we know from Theorem 5.7 that Aut(G) is acylin-
drically hyperbolic. As Inn(G) is infinite and contained in Aut(G,P), it then follows
from Lemma 4.5 that Aut(G,P) is acylindrically hyperbolic.
Suppose now that G is one-ended. In particular, G is not virtually free. The acylindrical
hyperbolicity of Aut(G,P) then follows from Proposition 4.6.
Corollary 6.2. Let G be a group which is hyperbolic relative to a finite collection P of
finitely generated proper subgroups. Assume that G is not virtually cyclic, and that the
groups in P are not relatively hyperbolic. Then Aut(G) is acylindrically hyperbolic.
Proof. Let P ′ denote the collection of subgroups obtained from P by removing all the
finite groups. Notice that G is also hyperbolic relative to P ′. We claim that the equal-
ity Aut(G) = Aut(G,P ′) holds. Using Theorem 6.1, this will imply that Aut(G) is
acylindrically hyperbolic, as desired.
So let ϕ ∈ Aut(G) be an automorphism and let P ∈ P ′ be a peripheral subgroup.
According to [Osi06, Lemma 5.4], the subgroup P is undistorted in G. As ϕ is a quasi-
isometry of G, it follows that ϕ(P ) is also undistorted in G. But as P is not relatively
hyperbolic, neither is ϕ(P ). It thus follows from [DS05, Theorem 1.8] that there exists
Q ∈ P ′ such that ϕ(P ) ⊆ Q. Similarly, there exists Q′ ∈ P ′ such that ϕ−1(Q) ⊆ Q′.
Therefore,
P = ϕ−1(ϕ(P )) ⊆ ϕ−1(Q) ⊆ Q′.
As a consequence, because P is infinite, the intersection P ∩Q′ is infinite. But we know
from [Osi06, Theorem 1.4] that the collection P ′ is almost malnormal, so P and Q′ have
to coincide. From ϕ(P ) ⊆ Q and ϕ−1(Q) ⊆ Q′ = P , we conclude that ϕ(P ) = Q ∈ P ′.
Thus, we have proved that ϕ belongs to Aut(G,P ′).
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